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Abstract
In this paper, the classical JKR theory of the adhesive contact of isotropic
elastic spheres is extended to consider the effect of anisotropic elasticity. The
contact area will then generally be non-circular, but in many cases it can
reasonably be approximated by an ellipse whose dimensions are determined
by imposing the energy release rate criterion at the ends of the major and
minor axes. Analytical expressions are obtained for the relations between the
contact force, the normal displacement and the ellipse semi-axes. It is found
that the eccentricity of the contact area decreases during tensile loading and
for cases when the point load solution can be accurately described by only
one Fourier term, it is almost circular at pull-off, permitting an exact closed
form solution for this case. As in the isotropic JKR solution, the pull-off
force is independent of the mean elastic modulus, but we find that anisotropy
increases the pull-off force and this effect can be quite significant.
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1. Introduction
The JKR theory of contact between isotropic elastic spheres including
interatomic adhesion [1] is very widely used (3500 citations and counting),
primarily because it provides relatively simple theoretical predictions of the
effect of adhesive forces in contact situations. In particular, the force needed
to separate the bodies (the ‘pull-off force’) is given by
F =
3πR∆γ
2
, (1)
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where R is the composite radius of the contacting spheres and ∆γ is the
interface energy.
The theory applies strictly in the limit where the Tabor parameter
µ =
(
R(∆γ)2
E∗2ǫ3
)1/3
≫ 1 ,
where E∗ is the composite elastic modulus, and ǫ is a dimension character-
izing the length over which the interatomic forces are significant. However,
numerical treatments of the more general problem [2, 3] show that the pull-
off force varies rather modestly with µ and indeed in the opposite limit where
µ → 0, we recover the Bradley solution which exceeds the JKR prediction
only by a factor of 4/3, and which has the same parametric dependence. It
is remarkable that the pull-off force is independent of the modulus E∗. This
can be shown to be a consequence of the self-similar nature of the contact
problem and the quadratic shape of the surfaces [4]. However, for the cor-
responding two-dimensional problem of a cylinder contacting a plane, the
pull-off force varies with the 1/3rd power of E∗ [5].
Most of the applications and extensions of the JKR theory involve con-
tact problems at very small length scales, since this is the range in which
interatomic adhesive forces are most significant. The theory is based on the
assumption that the contacting bodies be capable of approximation by half
spaces of linear elastic materials, which is certainly an oversimplification in
most biological and animal locomotion applications, but these assumptions
are more reasonable for microindentation or AFM contacts with elastic ma-
terials at light loads, and indeed such experiments are often used to estimate
the elastic properties of such materials at small length scales [6, 7, 8].
Most materials exhibit significant anisotropy at the microscale, either be-
cause of crystalline structure or because the material has some more complex
structural composition at the nanoscale. If the anisotropy is relatively mild,
we might expect to get a reasonable prediction of the indentation behaviour
by using the original JKR solution, with an appropriate ‘mean’ elastic mod-
ulus. However, when the materials are anisotropic, we anticipate that the
contact area will cease to be circular and this might be expected to infuence
the load-displacement relation significantly. In particular, noting that the
pull-off force is independent of the elastic modulus for the isotropic case, we
might ask whether this will be influenced by the degree of anisotropy. These
are the questions that we shall investigate in the present paper.
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2. Normal loading of the anistropic elastic half space
If a concentrated normal compressive force F is applied at the origin to the
surface of the half space z > 0, self-similarity and equilibrium considerations
dictate that the normal surface displacement take the form [9]
u(r, θ) ≡ uz(r, θ, 0) = Fh(θ)
r
(2)
in cylindrical polar coordinates (r, θ, z). Also, the reciprocal theorem de-
mands that
u(r, θ + π) = u(r, θ) (3)
and hence the function h(θ) must be capable of Fourier expansion in the form
h(θ) = h0
[
1 +
∞∑
m=1
am cos(2mθ) + bm sin(2mθ)
]
, (4)
[10] where we have extracted the dimensional ‘mean’ compliance h0, so that
the remaining coefficients am, bm are dimensionless measures of the degree of
anisotropy.
If the three-dimensional Green’s function is defined by equation (2), the
corresponding two-dimensional (plane strain) result can be obtained by defin-
ing a uniform distribution of forces F per unit length along an appropri-
ate line. For example, if the distribution is imposed along the infinite line
x = 0,−∞ < y < ∞, the resulting value of ∂u/∂x at the point (x, 0) is
obtained as
∂u
∂x
=
∫
∞
−∞
(
∂u
∂r
cos θ − 1
r
∂u
∂θ
sin θ
)
dy . (5)
Susbtituting for u from (2), writing
y = −x tan θ ; dy = − xdθ
cos2 θ
; r =
x
cos θ
, (6)
and evaluating the resulting integral, we obtain
∂u
∂x
= −2Fh(π/2)
x
(7)
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for the plane strain Green’s function appropriate to fields that are indepen-
dent of y.
Since the Cartesian coordinate system can be chosen arbitrarily, we con-
clude that the function h(θ) in equation (2) is proportional to the plane
strain compliance in the direction perpendicular to θ, and this can be ob-
tained by applying the Stroh formalism to the general anisotropic constants
cijkl rotated through θ + π/2 using the tensor transformation rules [8, 11].
2.1. Approximate results for orthotropic and transversely isotropic materials
Since the principal effect of anisotropy is to change the eccentricity of
the contact area, it seems likely that the deviation from axisymmetry will be
dominated by the cos(2θ) term in equation (4). If the material is orthotropic,
a simple approximation to the function h(θ) can then be obtained as
h(θ) =
1
2
[
h(0) + h
(π
2
)]
+
1
2
[
h(0)− h
(π
2
)]
cos(2θ) . (8)
Delafargue & Ulm [12] show that this gives a good approximation to the more
exact result for examples of orthotropic and transversely isotropic materials
when the surface is a plane of symmetry.
For the orthotropic case, if we take the surface to be defined by x1 = 0
and measure θ from the x2-axis, h(0) and h(π/2) are given by
h(0) =
1
2π
√
C22
C11C22 − C212
(
1
C66
+
2
C12 +
√
C11C22
)
(9)
h
(π
2
)
=
1
2π
√
C33
C11C33 − C213
(
1
C55
+
2
C13 +
√
C11C33
)
, (10)
where we use the usual reduced notation 11→ 1, 22→ 2, 33→ 3, 23→
4, 31→5, 12→6.
Equations (9,10) apply also in the special case of transverse isotropy with
appropriate values for the constants. For example, if the material is isotropic
in the x1x2-plane, C22 = C11, 2C66 = C11 − C12 and h(π/2) remains un-
changed, but h(0) reduces to
h(0) =
C11
π(C211 − C212)
,
which is identical with the indentation modulus of an isotropic material with
elastic constants C11, C12 [12].
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If the Green’s function (4) is approximated in the form (8), the only
non-zero coefficient is
a1 =
h(π/2)− h(0)
h(π/2) + h(0)
. (11)
Table 1 gives elastic moduli (from Freund & Suresh [13]) and the result-
ing dimensionless parameter a1 for a few hexagonal crystals, which exhibit
transverse isotropic behaviour. We consider the case where the surface is or-
thogonal to the plane of isotropy, so that the direction of indentation lies in
this plane and the directional compliance modulus h(θ) is not axisymmetric.
C11 C33 C44 C12 C13 h(π/2) h(0) a1
(GPa) (GPa) (GPa) (GPa) (GPa) (MPa)−1 (MPa)−1
cadmium 115.8 51.4 20.4 39.8 40.6 28.08 19.58 −0.178
cobalt 307 358.1 78.3 165 103 7.91 9.16 0.073
graphite 1160 46.6 2.3 290 109 22.07 1.84 −0.846
magnesium 59.7 61.7 16.4 26.2 21.7 40.46 41.49 0.013
zinc 161 61 38.3 34.2 50.1 18.16 13.01 −0.165
titanium 162.4 180.7 46.7 92 69 14.78 18.14 0.102
Table 1: Elastic properties of some transversely isotropic materials.
3. The indentation problem
In this section, we shall develop an approximate analytical solution to
the problem of a rigid sphere of radius R indenting an anisotropic half
space whose Green’s function is defined by equations (2, 4), including the
effects of adhesion. We remark here that the more general problem involving
two deformable spheres with radii R1, R2 and elastic compliance functions
h1(θ), h2(θ) is readily solved by substituting
1
R
=
1
R1
+
1
R2
; h(θ) = h1(θ) + h2(θ) (12)
in the following equations.
If there were no adhesion, the contact area between any two quadratic
elastic bodies would be elliptical and the contact pressure distribution would
5
have the Hertzian form
pH(x, y) = p0
√
1− x
2
a2
− y
2
b2
, (13)
where a, b are the semi-axes of the ellipse and p0 is a constant. This re-
sult applies for generally anisotropic materials and was established by Willis
[14]. One might expect that the corresponding JKR solution involving adhe-
sive forces could be obtained as in the original axisymmetric solution [1] by
superposing an appropriate multiple of the pressure distribution
pF (x, y) =
1√
1− x2/a2 − y2/b2 , (14)
which can be shown to cause a uniform normal displacement over the ellip-
tical contact area [9]. However, this superposition leads to a stress-intensity
factor at the edge of the contact area that varies around the ellipse. It fol-
lows that the contact area for the adhesive problem will not generally be
strictly elliptical except in the circular limit a = b, though it might be antici-
pated that deviations from the elliptical shape would be small. Johnson and
Greenwood [15] obtained an approximate solution for the related problem
of adhesive contact of isotropic ellipsoidal bodies by assuming an elliptical
contact area with the pressure distribution
p(x, y) =
B0 +B1x
2/a2 +B2y
2/b2√
1− x2/a2 − y2/b2 , (15)
where B0, B1, B2 are three constants that are chosen so as to give the cor-
rect stress-intensity factor at the ends of the major and minor axes and to
satisfy the contact condition within the ellipse. They found that with this
assumption, the maximum deviation from the correct stress-intensity fac-
tor was of the order of 5% and occurred approximately midway between the
pairs of points (±a, 0) and (0,±b). In this paper, we shall apply Johnson and
Greenwood’s method to obtain an approximate solution for the case where
quasi-eccentricity of the contact area is due to material anisotropy, rather
than the indenter geometry.
6
3.1. Determination of the surface displacements
x
y
O
a
b
θ
1S
2S
(x, y).
(x’, y’). r
Figure 1: Geometry for field-point integration as in equation (16).
If the contact area is the ellipse shown in Figure 1, the Green’s function
(2) can be used to write the inward normal displacement inside the contact
area in the form
u(x, y) =
∫ pi
0
∫ S2
S1
p(x′, y′)h(θ)drdθ , (16)
where the pressure p(x, y) is defined by equation (15) and the polar coordi-
nates (r, θ) are based on the field point (x, y) as origin. We know that the
displacements inside the ellipse must have the quadratic form
u(x, y) = C0 + C1x
2 + C2y
2 + C3xy (17)
[9], with the coefficients C0, C1, C2, C3 being linear functions of B0, B1, B2
from equation (15), and more general functions of θ and the semi-axes a, b.
The exact form of these relations will be determined in the Appendix.
If the anisotropic half space is indented by a rigid sphere of radius R, we
require
C1 = C2 = − 1
2R
; C3 = 0 , (18)
which provides three equations for the five unknowns B0, B1, B2, a, b and
an angle defining the orientation of the ellipse. Two further equations are
7
obtained from the requirement that the energy release rate at the two points
(±a, 0) and (0,±b) be equal to the interface energy ∆γ. Finally, if the total
force F applied to the indenter is prescribed, we have
F =
∫ a
−a
∫ b√1−x2/a2
−b
√
1−x2/a2
p(x, y)dydx = 2πab
(
B0 +
B1
3
+
B2
3
)
. (19)
The solution of this problem will define the dimensions of the contact area
as a function of the applied force F , but the quantity of most interest is the
pull-off force which comprises the maximum negative value of F .
In this paper, we shall restrict attention to the case where the material
anisotropy exhibits a symmetry plane, in which case the coefficients bm in (4)
will be zero and the condition C3 = 0 will be satisfied identically. However,
we shall discuss possible strategies for solving the more general problem in
Section 5.
3.2. Stress-intensity factors
The JKR theory demands that the energy release rate at the edge of the
contact area be equal to the interface energy ∆γ, which is equivalent to the
condition that the local stress-intensity factor be given by
KI =
√
2∆γ
πh(θ)
, (20)
where θ is the inclination of the local boundary of the contact ellipse.
Applying this condition at the ends of the major axis (±a, 0) where θ =
π/2, we obtain
(B0 +B1) = −1
π
√
2∆γ
h(π/2)a
. (21)
A similar condition imposed at the points (0,±b) yields
(B0 +B2) = −1
π
√
2∆γ
h(0)b
. (22)
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3.3. Dimensionless formulation
In view of the parametric dependence of the isotropic JKR solution [1] ,
it is convenient to introduce the dimensionless variables
Λ =
(
2π2∆γh0
R
)1/3
; bˆ =
b
RΛ
; βi =
Bih0
Λ
; i = 0, 1, 2 . (23)
We then obtain
Fˆ ≡ F
π∆γR
=
4π2bˆ2√
1− e2
(
β0 +
β1
3
+
β2
3
)
, (24)
from (19), and
β0 + β1 = − 1
π2
√ √
1− e2
(1− λ1)bˆ
; β0 + β2 = − 1
π2
√
1
(1 + λ2)bˆ
, (25)
from (21, 22), where
λ1 = 1− h(π/2)
h0
= −
∞∑
m=1
(−1)mam ; λ2 = h(0)
h0
− 1 =
∞∑
m=1
am . (26)
Also, the condition (18) requires
φ11β1(1− e2) + φ21β2 = φ12β1(1− e2) + φ22β2 = − bˆ
2π
, (27)
where the functions φij are defined in equation (A.12). Notice that the
power series expressions (A.8) must be used for values of e near zero, to
avoid numerical errors.
3.4. Solution strategy
The eccentricity e of the contact area varies with the force F , so a con-
venient strategy is to regard e as an independent parameter. We then solve
the two equations (27) for β1, β2 as functions of bˆ, substitute the solution
into the two equations (25), and eliminate β0 to obtain an equation for bˆ.
The parameters β0, β1, β2 can then be determined and finally the force Fˆ is
obtained from (24). Also, the central displacement d = u(0, 0), representing
the indentation of the sphere, can then be obtained as
d
RΛ2
≡ dˆ = πbˆ (φ0β0 + φ10β1(1− e2) + φ20β2) , (28)
from (A.11).
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4. Results
In the interests of simplicity, we restrict the numerical calculations to
cases where the series in (4) are truncated atm = 1. It is then a trivial matter
to choose an orientation for the coordinate system to make b1 = 0, so that
the only non-zero coefficient in (4) is a1, which can often be approximated
by (11) and which must then lie in the range −1 < a1 ≤ 1, since h(θ) > 0
for all θ.
Figure 2 shows the relation between the axis ratio b/a =
√
1− e2 and the
dimensionless force Fˆ for the case where a1 = −0.5 and hence h(π/2)/h(0) =
3. When the force is large and compressive (positive), b/a tends to a limiting
value 0.697 which is also the value that would be obtained for any value of
the indenting force in the absence of adhesive forces. This limit is shown by a
vertical dashed line in Figure 2. The eccentricity changes only slightly in the
compressive range Fˆ > 0, but in the tensile range the contact area becomes
progressively more circular.
Figure 2: Variation of the axis ratio of the contact area with dimensionless
indentation force Fˆ , for a1 = −0.5.
These results are broadly similar to those of Johnson and Greenwood
[15] for the adhesive indentation of isotropic materials by a non-spherical
quadratic indenter, but one significant difference here is that the tensile force
is still increasing when we reach the circular geometry b/a = 1. To proceed
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beyond this point, we need to interchange the x and y-axes, since the elliptic
integrals are defined only for the case b/a < 1. This can be done simply by
changing the sign of a1 and interchanging a and b.
Figure 3: Relation between indentationforce and displacement for a1 = −0.5.
Figure 3 shows the relation between Fˆ and the dimensionless indenta-
tion dˆ, plotted parametrically from equation (28), for the case a1 = −0.5.
The pull-off force corresponds to the point A in the figure, whereas point B
defines the point at which pull-off would occur in a controlled-displacement
experiment. As we proceed from A and B, the contact area becomes increas-
ingly eccentric in the opposite direction to that obtained during compressive
loading.
For a1 = −0.5, the maximum negative value of Fˆ (the dimensionless pull-
off force) occurs at b/a = 1.011 (e = 0.15) and is −1.6272. By comparison,
the dimensionless force at the ‘circular’ point e = 0 is Fˆ = −1.6244, sug-
gesting that a good approximation to the pull-off force can be obtained by
assuming a priori that the contact area is circular. Notice incidentally, that
in this condition, the contact pressure distribution is not axisymmetric, since
the stress-intensity factors differ on two perpendicular axes. However, with
a1 the only non-zero coefficient, the circular solution then becomes exact,
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since both the stress-intensity factor and the directional modulus vary in the
same way with θ. The analysis is then greatly simplified and the force is
obtained in closed form as
Fˆ =
3(2− a21)
2
(
1 +
√
1− a21
)√
1− a21
. (29)
Also, the dimensionless radius of the contact area in this state is
bˆ =
(
3(2− a21)
4
{√
1 + a1 +
√
1− a1
}√
1− a21
)2/3
. (30)
These results of course reduce to the classical JKR values Fˆ = 1.5, bˆ =
(3/4)2/3 in the isotropic case a1 = 0.
Figure 4: Pull-off force as a function of a1 (points). The solid line represents
equation (29), based on the approximation that the contact area at pull-off
is circular.
The solid line in Figure 4 shows the pull-off force predicted by this ‘cir-
cular’ approximation, whereas the points represent the more exact pull-off
force found by iterating on the eccentricity until the maximum tensile force is
obtained. Notice that Fˆ is independent of the sign of a1. Clearly the approx-
imation is very good for modest levels of anisotropy, but it underestimates
the pull-off force for |a1| > 0.7.
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It is notable that although the mean modulus h0 has no effect on Fˆ
(as can be demonstrated even for the exact solution, using similarity and
dimensional arguments [4]), the degree of anisotropy defined through the
coefficient a1 [or the ratio h(0)/h(π/2)] leads to a significant increase in the
pull-off force relative the the JKR value.
5. More general cases
The method described here can easily be extended to cases where the
indenting body is ellipsoidal, or where more terms are included in the series
(4). However, recalling that the energy release rate condition is satisfied only
at the ends of the axes of the ellipse, we must anticipate more significant
errors in the satisfaction of this condition at intermediate points if these
higher-order terms are significant.
If the material does not exhibit a plane of symmetry, the orientation
of the ellipse is an additional unknown. The solution strategy defined in
Section 3.4 can still be applied, but in general we would not expect the
resulting pressure distribution to satisfy the condition C3 = 0 in equation
(17). Suppose we then rotate the coordinate system by a small angle, thus
redefining the Fourier coefficients in equation (4). The magnitude of the
coefficient C3 for a given force F will be changed, and a Newton-Raphson
iterative scheme should allow the coordinate system to be rotated until the
condition C3 = 0 is satisfied.
6. Conclusions
We have developed an approximate JKR solution for the adhesive contact
of anisotropic materials, by assuming an elliptical contact area and imposing
the condition at the contact edges for energy release rate only at the extremes
of the axes. The contact area becomes less elliptical as the compressive force
is reduced and becomes elliptical in the opposite sense in the tensile re´gime.
If the point force solution for the anisotropic half space is approximated by
a two term Fourier series, the contact area at the pull-off force is found to be
very close to circular, even though the contact pressure distribution is not
axisymmetric. In this case, (i) a closed form expression can be obtained for
the pull-off force and (ii) the energy release rate condition is satisfied exactly
all around the contact area. Perhaps the most remarkable conclusion is that
the pull-off force is independent of the mean compliance modulus h0, as in
13
the JKR solution, but it is significantly increased by the dimensionless degree
of anisotropy.
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Appendix A. Evaluation of surface displacements
The flat punch solution
We first consider the surface displacements due to the pressure distribu-
tion
p0(x
′, y′) =
1√
1− x′ 2/a2 − y′ 2/b2 . (A.1)
Substituting into (16) and writing x′ = x−r cos θ , y′ = y−r sin θ, we obtain
u0(x, y) =
∫ pi
0
∫ S2
S1
h(θ)drdθ√
A(θ) +B(θ)r − C(θ)r2 , (A.2)
where
A(θ) = 1− x
2
a2
− y
2
b2
; B(θ) = 2
(
x cos θ
a2
+
y sin θ
b2
)
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C(θ) =
cos2 θ
a2
+
sin2 θ
b2
=
(1− e2 cos2 θ)
b2
, (A.3)
and the eccentricity e =
√
1− b2/a2. The change of variable t = r−B/(2C)
yields
u0(x, y) =
∫ pi
0
∫ D
−D
h(θ)dtdθ√
C(D2 − t2) with D
2 =
A
C
+
B2
4C2
(A.4)
and the inner integral can then be performed to give
u0(x, y) = π
∫ pi
0
C−1/2h(θ)dθ = πb
∫ pi
0
h(θ)dθ
(1− e2 cos2 θ)1/2 . (A.5)
Substituting for h(θ) from (4), we obtain
u0(x, y) = πh0b
∞∑
m=0
amI0(m, e) where I0(m, e) =
∫ pi
0
cos(2mθ)dθ
(1− e2 cos2 θ)1/2 .
(A.6)
These integrals can be evaluated in terms of complete elliptic integrals, the
first few being
I0(0, e) = 2K(e) ; I0(1, e) =
4[K(e)−E(e)]
e2
− 2K(e)
I0(2, e) =
32[K(e)− E(e)]
3e4
+
16[E(e)− 2K(e)]
3e2
+ 2K(e) (A.7)
These results, though exact, do not evaluate easily when e ≪ 1. In this
range it is better to use power series approximations for the elliptic integrals,
giving
I0(0, e) = π
(
1 +
e2
4
+
9e2
64
+
25e6
256
+
1225e8
16384
)
+O(e10)
I0(1, e) =
πe2
8
(
1 +
3e2
4
+
75e4
128
+
245e6
512
)
+O(e10) (A.8)
I0(2, e) =
πe4
128
(
3 +
15e2
4
+
245e4
64
)
+O(e10)
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The Hertzian solution
To determine the displacements due to the two remaining terms in (15),
it is convenient to start from the Hertzian distribution (13), but with p0 = 1.
The same changes of variable used above yield the displacements
uH(x, y) =
∫ pi
0
∫ D
−D
√
C(D2 − t2) h(θ)dtdθ , (A.9)
and after performing the inner integral, the resulting function has the form
of equation (17) with
C0 =
πb
2
∞∑
m=0
amI0(m, e) ; C1 = − πb
2a2
∞∑
m=0
amI1(m, e)
C2 = − πb
2a2
∞∑
m=0
amI2(m, e) ; C3 =
πb
2a2
∞∑
m=1
bmI3(m, e) ,
where
I1(m, e) =
∫ pi
0
cos(2mθ) sin2 θdθ
(1− e2 cos2 θ)3/2 ; I2(m, e) =
∫ pi
0
cos(2mθ) cos2 θdθ
(1− e2 cos2 θ)3/2
I3(m, e) =
∫ pi
0
sin(2mθ) sin(2θ)dθ
(1− e2 cos2 θ)3/2
=
1
2
[I1(m− 1, e) + I2(m− 1, e)− I1(m+ 1, e)− I2(m+ 1, e)] .
By differentiation and superposition it can be shown that
I1(m, e) = I0(m, e)− (1− e
2)
e
dI0(m, e)
de
; I2(m, e) =
1
e
dI0(m, e)
de
; . (A.10)
Singular fields with quadratic displacements
Since the pressure distribution pH(x, y) [with p0 = 1] produces the dis-
placement field uH(x, y), it follows by superposition that the distribution
∂
∂a
√
1− x
2
a2
− y
2
b2
=
x2
a3
√
1− x2/a2 − y2/b2
will produce the displacement ∂uH(x, y)/∂a. This enables us to determine
the displacement due to the term B1 in equation (15), and a similar procedure
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differentiating with respect to b yields the contribution of the term B2. Using
these results, and noting for example that
∂
∂a
I0(m, e) =
∂
∂e
I0(m, e)
∂e
∂a
=
b2
a3e
∂
∂e
I0(m, e) ,
the complete displacement field due to the pressure distribution (15) is ob-
tained as
u(x, y) = πh0b
[
φ0B0 +
φ10B1b
2
a2
+ φ20B2 +
(
φ11B1
a2
+
φ21B2
b2
)
x2
+
(
φ12B1
a2
+
φ22B2
b2
)
y2 +
(
φ13B1
a2
+
φ23B2
b2
)
xy
]
, (A.11)
where
φ0 =
∞∑
m=0
amI0(m, e) ; φ10 =
(1− e2)
2e
∞∑
m=0
am
∂I0(m, e)
∂e
φ20 =
1
2
∞∑
m=0
amI1(m, e)
φ11 =
∞∑
m=0
am
(
I1(m, e)− (1− e
2)
2e
∂I1(m, e)
∂e
)
φ12 =
∞∑
m=0
am
(
I2(m, e)− (1− e
2)
2e
∂I2(m, e)
∂e
)
φ13 = −
∞∑
m=1
bm
(
I3(m, e)− (1− e
2)
2e
∂I3(m, e)
∂e
)
φ21 = −(1− e
2)
2
∞∑
m=0
am
(
I1(m, e)− (1− e
2)
e
∂I1(m, e)
∂e
)
φ22 = −(1− e
2)
2
∞∑
m=0
am
(
I2(m, e)− (1− e
2)
e
∂I2(m, e)
∂e
)
φ23 =
(1− e2)
2
∞∑
m=1
bm
(
I3(m, e)− (1− e
2)
e
∂I3(m, e)
∂e
)
(A.12)
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